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Abstract
In this article, using the common (CLR) property, common ﬁxed point results for two
pairs of weakly compatible mappings satisfying contractive condition of integral type
on metric spaces are established. Furthermore, the existence and uniqueness of
common solution for system of functional equations arising in dynamic
programming are discussed as an application of a common ﬁxed point theorem
presented in this paper.
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1 Introduction and preliminaries
Throughout this paper, we assume that R+ = [,+∞), opt stands for sup or inf, Z and Y
are Banach spaces, S ⊆ Z is the state space, D⊆ Y is the decision space, B(S) denotes the
Banach space of all bounded real-valued functions on S with norm
‖w‖ = sup{∣∣w(x)∣∣ : x ∈ S} for any w ∈ B(S),
and u, v : S×D→R; ai : S×D→ S; Hi : S×D×R→R. Also,
 =
{
ϕ : ϕ :R+ →R+ is Lebesgue integrable with ﬁnite integral such that
∫ ε






ψ :ψ :R+ →R+ is upper semi-continuous on R+ \ {},ψ() = 
and ψ(t) < t, for each t > 
}
.
© 2015 Sarwar et al. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.
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Fixed point theory is one of the most fruitful and applicable topics of nonlinear analysis,
which is widely used not only in other mathematical theories, but also in many practical
problems of natural sciences and engineering. The Banach contraction mapping princi-
ple [] is indeed the most popular result of metric ﬁxed point theory. This principle has
many application in several domains, such as diﬀerential equations, functional equations,
integral equations, economics, wild life, and several others.
Branciari [] gave an integral version of the Banach contraction principles and proved
ﬁxed point theorem for a single-valued contractive mapping of integral type in metric
space. Afterwards many researchers [–] extended the result of Branciari and obtained
ﬁxed point and common ﬁxed point theorems for various contractive conditions of in-
tegral type on diﬀerent spaces. In particular, Liu et al. [] studied ﬁxed point theorems
satisfying a contractive condition of integral type and applied their results for the exis-
tence and uniqueness of a solution to the following functional equation:







))} ∀x ∈ Z. (.)
Further, Liu et al. [] established common ﬁxed point theorems satisfying contractive
condition of integral type and applied their results for the existence and uniqueness of
























where x and y signify the state and decision vectors, respectively, a and a represent the
transformations of the process, f(x) and f(x) denote the optimal return functions with
the initial state x.
The aim of this contribution is to study the existence and uniqueness of common so-
lution for the system of functional equations arising in dynamic programming with the
help of common ﬁxed point results satisfying the contractive conditions of integral type
in metric space.
Now, we recollect some known deﬁnitions and results from the literature which are
helpful in the proof of our main results.
Deﬁnition . A coincidence point of a pair of self-mapping K ,L : X → X is a point x ∈ X
for which Kx = Lx.
A common ﬁxed point of a pair of self-mapping K ,L : X → X is a point x ∈ X for which
Kx = Lx = x.
Jungck [] initiated the concept of weakly compatible maps to study common ﬁxed
point theorems.
Deﬁnition . [] A pair of self-mapping K ,L : X → X is weakly compatible if they com-
mute at their coincidence points, that is, if there exists a point x ∈ X such that KLx = LKx
whenever Kx = Lx.
In the study of common ﬁxed points of weakly compatible mappings, we often require
the assumption of completeness of the space or subspace or continuity of mappings in-
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volved besides some contractive condition. Aamri and El Moutawakil [] introduced the
notion of (E.A) property, which requires only the closedness of the subspace and Liu et al.
[] extended the (E.A) property to common the (E.A) property as follows.
Deﬁnition . Let (X,d) be a metric space and K ,L,M,N : X → X be four self-maps. The
pairs (K ,M) and (L,N) satisfy the common (E.A) property if there exist two sequences
{xn} and {yn} in X such that
lim
n→∞Kxn = limn→∞Mxn = limn→∞Lyn = limn→∞Nyn = t ∈ X.
Sintunavarat andKumam [] introduced the notion of the (CLR) property, which never
requires any condition on closedness of the space or subspace and Imdad et al. [] intro-
duced the common (CLR) property which is an extension of the (CLR) property.
Deﬁnition . Let (X,d) be a metric space and K ,L,M,N : X → X be four self maps. The
pairs (K ,M) and (L,N) satisfy the common limit range property with respect to mappings
M and N , denoted by (CLRMN ) if there exist two sequences {xn} and {yn} in X such that
lim
n→∞Kxn = limn→∞Mxn = limn→∞Lyn = limn→∞Nyn = t ∈M(X)∩N(X).
Finally, we will need the following results.










Lemma . [] Let E be a set and p,q : E →R be mappings. If opty∈E p(y) and opty∈E q(y)
are bounded, then





2 Common ﬁxed point theorems
In this section, we study common ﬁxed point theorems for weakly compatible mappings
using the common (CLR) and common (E.A.) properties.
Theorem . Let (X,d) be a metric space and K ,L,N ,M : X → X be four self-mappings
satisfying the following conditions:










, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and
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 + d(Nx,My) ,
d(Kx,My)d(Ly,Nx)
 + d(Nx,My) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
}
.
If the pairs (K ,N) and (L,M) are weakly compatible, then K , L,M, and N have a unique
common ﬁxed point in X.
Proof Assume that the pairs (K ,N) and (L,M) share the (CLRNM) property, then there
exist two sequences {xn} and {yn} in X such that
lim
n→∞Kxn = limn→∞Nxn = limn→∞Lyn = limn→∞Myn = z for some z ∈M(X)∩N(X). (.)
Since z ∈N(X), there exists a point u ∈ X such that Nu = z. Thus (.) becomes
lim
n→∞Kxn = limn→∞Nxn = limn→∞Lyn = limn→∞Myn = z =Nu. (.)
Now, we claim that Ku =Nu. To prove the claim, let Ku =Nu. Then on putting x = u and




























Taking the upper limit as n→ ∞ in equations (.) and (.), respectively, we have
lim
n→∞
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which is a contradiction, thus Ku =Nu and hence
Ku =Nu = z. (.)
Similarly, since z ∈M(X), so there exists a point v ∈ X such thatMv = z. Thus (.) becomes
lim
n→∞Kxn = limn→∞Nxn = limn→∞Lyn = limn→∞Myn = z =Mv. (.)
Now, we claim that Lv =Mv. To support the claim, let Lv =Mv. Then on putting x = xn and
y = v in condition () of Theorem ., one can get
Lv =Mv = z. (.)
Therefore, from (.) and (.), one can write
Ku =Nu = Lv =Mv = z. (.)
Next, we show that z is a common ﬁxed point of K , L, M, and N . To this aim, since the
pairs (K ,N) and (L,M) are weakly compatible, then using (.) we have
Ku =Nu ⇒ NKu = KNu ⇒ Kz =Nz, (.)
and
Lv =Mv ⇒ MLv = LMv ⇒ Lz =Mz. (.)
We will show next that Kz = z. Otherwise, if Kz = z, using condition () of Theorem .




















, d(Kz,Nz)d(Lv,Mv) + d(Nz,Mv) ,
d(Kz,Mv)d(Lv,Nz)
 + d(Nz,Mv) ,d(Nz,Kz)
 + d(Nz,Lv) + d(Mv,Kz)
 + d(Nz,Kz) + d(Mv,Lv)
}
.
In the light of (.) and (.), we get

(z, v) = max
{
d(Kz, z), , , 
[
d(Kz, z) + d(z,Kz)
]
, , d(Kz, z)d(z,Kz) + d(Kz, z) , 
}
= d(Kz, z)













which is a contradiction. Thus Kz = z and from (.), we can write
Kz =Nz = z. (.)
Similarly, setting x = u, y = z in condition () of Theorem . and using (.), (.), one
can get
Lz =Mz = z. (.)
Therefore from (.) and (.), it follows that
Kz = Lz =Mz =Nz = z, (.)
that is, z is a common ﬁxed point of K , L,M, and N .
Finally, we prove the uniqueness of the common ﬁxed point of K , L,M, and N . Assume
that z and z are two distinct common ﬁxed points of K , L, M, and N . Then replacing x




























 + d(Nz,Lz) + d(Mz,Kz)








d(z, z) + d(z, z)
]
















which is a contradiction and thus, z = z. Hence K , L, M, and N have a unique common
ﬁxed point in X. 
From Theorem ., we easily deduce the following corollaries.
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Corollary . Let (X,d) be a metric space and K ,N ,M : X → X be three self-mappings
satisfying the following conditions:










, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and









 + d(Nx,My) ,
d(Kx,My)d(Ky,Nx)
 + d(Nx,My) ,
d(Nx,Kx)  + d(Nx,Ky) + d(My,Kx) + d(Nx,Kx) + d(My,Ky)
}
.
If the pairs (K ,N) and (K ,M) are weakly compatible, then K , M, and N have a unique
common ﬁxed point in X.
Corollary . Let (X,d) be a metric space and K ,M : X → X be two self-mappings satis-
fying the following conditions:










, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and









 + d(Mx,My) ,
d(Kx,My)d(Ky,Mx)
 + d(Mx,My) ,
d(Mx,Kx)  + d(Mx,Ky) + d(My,Kx) + d(Mx,Kx) + d(My,Ky)
}
.
If the pair (K ,M) is weakly compatible, then K andM have a unique common ﬁxed point
in X.
In a similar way to Theorem . the following result can be concluded and proved.
Theorem . Let (X,d) be a metric space and K ,L,N ,M : X → X be four self-mappings
satisfying the following conditions:










, ∀x, y ∈ X,
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where (ϕ,ψ) ∈  ×  and









 + d(Kx,Ly) ,
d(Kx,My)d(Ly,Nx)
 + d(Kx,Ly) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
}
.
If the pairs (K ,N) and (L,M) are weakly compatible, then K , L,M, and N have a unique
common ﬁxed point in X.
Obviously, the (CLRMN ) property implies the common property (E.A) but the converse
is not true in general. So replacing the (CLRMN ) property by the common property (E.A) in
Theorem . and Theorem ., we get the following results, the proofs of which can easily
be done by following the lines of the proof of Theorem ., because the (E.A) property
together with the closedness property of a suitable subspace gives rise to the closed range
property.
Corollary . Let (X,d) be a metric space and K ,L,N ,M : X → X be four self-mappings
satisfying the following conditions:
() the pairs (K ,N) and (L,M) share common (E.A) property such thatM(X) (or N(X))










, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and









 + d(Nx,My) ,
d(Kx,My)d(Ly,Nx)
 + d(Nx,My) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
}
.
If the pairs (K ,N) and (L,M) are weakly compatible, then K , L,M, and N have a unique
common ﬁxed point in X.
Corollary . Let (X,d) be a metric space and K ,L,N ,M : X → X be four self-mappings
satisfying the following conditions:
() the pairs (K ,N) and (L,M) share common (E.A) property such thatM(X) (or N(X))










, ∀x, y ∈ X,
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where (ϕ,ψ) ∈  ×  and









 + d(Kx,Ly) ,
d(Kx,My)d(Ly,Nx)
 + d(Kx,Ly) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
}
.
If the pairs (K ,N) and (L,M) are weakly compatible, then K ,L,M, and N have a unique
common ﬁxed point in X.
One can obtain further consequences from Theorem . and Corollaries . and . in
a similar way to Theorem ..
Remark . Theorem . and Corollary . are still valid, if we replace 
(x, y) by










 + d(Nx,My) ,
d(Kx,My)d(Ly,Nx)
 + d(Nx,My) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
)}
.
Similarly, Theorem . and Corollary . are still valid, if we replace 
(x, y) by










 + d(Kx,Ly) ,
d(Kx,My)d(Ly,Nx)
 + d(Kx,Ly) ,
d(Nx,Kx)  + d(Nx,Ly) + d(My,Kx) + d(Nx,Kx) + d(My,Ly)
)}
.
Finally, by choosing K = L and N and M as identity mappings, we conclude some ﬁxed
point theorems for integral type contraction from our main Theorem ., which can be
listed as follows.










, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and









 + d(x, y) ,
d(Kx, y)d(Ky,x)
 + d(x, y) ,d(x,Kx)
 + d(x,Ky) + d(y,Kx)
 + d(x,Kx) + d(y,Ky)
}
,
for all x, y ∈ X. Then K has a unique ﬁxed point in X.
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, ∀x, y ∈ X,
where (ϕ,ψ) ∈  ×  and









 + d(Kx, y) ,
d(Kx, y)d(Ky,x)
 + d(Kx, y) ,d(x,Kx)
 + d(x,Ky) + d(y,Kx)
 + d(x,Kx) + d(y,Ky)
}
,
for all x, y ∈ X. Then K has a unique ﬁxed point in X.
Remark . Notice that several ﬁxed point theorems such as the celebrated Banach ﬁxed
point theorem, ﬁxed point theorems for Kannan, Chatterjee, and Reich type mappings
and others can be deduced as particular cases of Corollary ..
To illustrate Theorem ., we construct the following example.
Example . Let X = (, ) be a metric space with metric d(x, y) = |x – y|, where x, y ∈ X
and K , L,M, N be self-maps of X, deﬁned by
Kx =
{
 if x ∈ (, ],

 if x ∈ (, )
; Lx =
{
 if x ∈ (, ],

 if x ∈ (, ),
Mx =
{
 if x ∈ (, ],

 if x ∈ (, ),
and Nx =
{
 if x ∈ (, ],

 if x ∈ (, ).
First we verify condition () of Theorem .. To this aim, let {xn} = { nn+ }n≥ and {yn} =



























n→∞Kxn = limn→∞Nxn = limn→∞Lyn = limn→∞Myn =  ∈M(X)∩N(X).
That is, (K ,N) and (K ,M) satisﬁes the common (CLRMN ) property.
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Next, to verify condition () of Theorem . let us deﬁne ϕ : R+ → R+ by ϕ(t) = t and
ψ :R+ →R+ by ψ(t) = t .
If x, y ∈ (, ]. Then Kx = Ly =My =Nx =  and
∫ d(Kx,Ly)









(x, y) = .


































































, ∀x, y ∈ X.
Therefore from Theorem ., K , L, M, and N have a unique common ﬁxed point, which
is x = .
3 Applications to existence theorems for functional equations arising in
dynamic programming
In this section, an attempt is made to ﬁnd the existence and uniqueness of a common
solution for a system of functional equations arising in dynamic programming through








































where x and y signify the state and decision vectors, respectively, a, a, a, and a rep-
resent the transformations of the process, f(x), f(x), f(x), and f(x) denote the optimal
return functions with the initial state x.
Sarwar et al. Fixed Point Theory and Applications  (2015) 2015:217 Page 12 of 15






































where (x,h) ∈ S× B(S).
Theorem . Let K ,L,M,N : B(S)→ B(S) given by (.) be mappings for which the follow-
ing conditions hold:
() u, v, and Hi are bounded for i = , , , ;
() the pairs (K ,N) and (L,M) share (CLRNM) property;
() for some h ∈ B(S), KNh =NKh, whenever Kh =Nh and LMh =MLh, whenever
Lh =Mh;












∗ (h,w) = max
{
‖Nh –Mw‖,‖Nh –Kh‖,‖Mw – Lw‖,


[‖Kh –Mw‖ + ‖Lw –Nh‖], ‖Kh –Nh‖‖Lw –Mw‖ + ‖Nh –Mw‖ ,
‖Kh –Mw‖‖Lw –Nh‖
 + ‖Nh –Mw‖ ,
‖Nh –Kh‖ + ‖Nh – Lw‖ + ‖Mw –Kh‖ + ‖Nh –Kh‖ + ‖Mw – Lw‖
}
.
Then the system of functional equations (.) has a unique common solution in B(S).







∥∥ : (x, y, t) ∈ S×D× R} ≤M (.)
Thus by (.), (.), and Lemma ., K , L,M, N are self-mappings in B(S).
Let (x,h,w) ∈ S×B(S)×B(S). Suppose that opty∈D = infy∈D. Then using (.) we can ﬁnd
y, z ∈D such that




























where (x,h) ∈ S× B(S).
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Next, with the help of (.) and (.), we have





































Analogously, with the help of (.) and (.), we have





























































































{|A – B| + δ, |C –D| + δ}, (.)
where A = H(x, y,h(a(x, y))), B = H(x, y,w(a(x, y))), C = H(x, z,h(a(x, z))), and D =
H(x, z,w(a(x, z))).

































































where (x,h,w) ∈ S× B(S)× B(S).
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ϕ(t)dt ≤ ε, ∀C ⊆ [, M] withm(C)≤ δ, (.)









+ ε, ∀h,w ∈ B(S).









, ∀h,w ∈ B(S).
Thus all the conditions of Theorem . are satisﬁed. Hence the mappings K , L,M, N have
a unique common ﬁxed point in B(S), that is, the system of functional equations (.) has
a unique common solution. 
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